Girth pairs were introduced by Harary and Kovács [Regular graphs with given girth pair, J. Graph Theory 7 (1983) 209-218]. The odd girth (even girth) of a graph is the length of a shortest odd (even) cycle. Let g denote the smaller of the odd and even girths, and let h denote the larger. Then (g, h) is called the girth pair of the graph. In this paper we prove that a graph with girth pair (g, h) such that g is odd and h g + 3 is even has high (vertex-)connectivity if its diameter is at most h − 3. The edge version of all results is also studied.
Introduction
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise stated, we follow [2] for terminology and definitions. A graph G is called connected if every pair of vertices is joined by a path; that is, if D < ∞. If S ⊂ V and G − S is not connected, then S is said to be a cut set. Certainly, every connected graph different from a complete graph has a cut set. A component of a graph G is a maximal connected subgraph of G. A (noncomplete) connected graph is called k-connected if every cut set has cardinality at least k. The connectivity = (G) of a (noncomplete) connected graph G is defined as the maximum integer k such that G is k-connected. Observe that the minimum cut sets are those having cardinality . The connectivity of a complete graph K +1 on + 1 vertices is defined as (K +1 ) = . Connectivity has an edge analogue. An edge-cut in a graph G is a set W of edges of G such that G − W is nonconnected. Every connected graph on at least two vertices has an edge-cut. The edge-connectivity = (G) of a graph G is the minimum cardinality of an edge-cut of G. Observe that the minimum edge-cuts are those having cardinality . Notice also that if W is a minimum edge-cut of a connected graph G, then G − W contains exactly two components. A classic result due to Whitney is that for every graph G. A graph is maximally connected if = , and maximally edge-connected if = . A graph is called -regular if all its vertices have the same degree .
Let G = (V , E) be a graph with vertex set V = V (G) and edge set E = E(G). For any S ⊂ V , the subgraph induced by S is denoted by G[S]. For u, v ∈ V , d(u, v) = d G (u, v) denotes the distance between u and v; that is, the length of a shortest (u, v)-path. For S, F ⊂ V , d(S, F ) = d G (S,
The odd girth (even girth) of G is the length of a shortest odd (even) cycle in G. If there is no odd (even) cycle in G, then the odd (even) girth of G is taken as ∞. Let g = g(G) denote the smaller of the odd and even girths of a graph G containing cycles, and let h = h(G) denote the larger. Then g is called the girth of G, and (g, h) is called the girth pair of G. Girth pairs were introduced by Harary and Kovács [4] and several interesting questions concerning girth pairs were posed in that paper. Now, in this paper we are interested in formulating sufficient conditions for a graph to have high connectivity in terms of the girth pair. In this regard, sufficient conditions for a graph with minimum degree to be maximally connected have been given in terms of its diameter D and its girth g. Following these lines, next result is contained in [3, 5] :
Notice that (1) tells us that any graph with odd girth g and diameter D g − 2 is maximally connected. In this paper we improve (1) for graphs with girth pair (g, h), g odd and h g + 3 even, by means of the three following theorems. The last item of the above theorem is given in terms of the diameter of the line graph LG. Recall that in the line graph LG of a graph G, each vertex represents an edge of G, and two vertices are adjacent iff the corresponding edges are. Let us consider the edges x 1 y 1 , x 2 y 2 ∈ E(G). It is widely known that the distance between the corresponding vertices of LG satisfies
which is useful to prove that 
The previous results may be improved for regular graphs with girth pair (g, h), as we state in the following theorem. 
4 is even, then (G) = . Fig. 1 , vertices x 2 and y 1 being nonadjacent) or those of Theorem 1.3(iii) in order to guarantee = .
The proofs of the above theorems need the following two results which roughly speaking show that h is a suitable index to measure how far away a vertex of a nonmaximally connected graph with girth pair (g, h) can be from a cut set or an edge-cut.
Proposition 1.4. Let G be a connected graph of minimum degree
3 and girth pair (g, h), g odd and h g + 3 even. Let X be a cut set and C be any component of G − X. Then for every x ∈ X there exists some vertex u ∈ V (C) such that:
The following convention will be used to study the edge-connectivity.
, where C 1 and C 2 are the only two components of G − S. We shall also write 
Proposition 1.5. Let G be a connected graph of minimum degree 3 and girth pair (g, h), g odd and h even with
h g + 3. Let [V (C 1 ), V (C 2 )] = [X, Y ](i) d(u, X) (h − 4)/2, |[N (h−4)/2 (u) ∩ X, Y ]| 1 and xy / ∈ [N (h−4)/2 (u) ∩ X, Y ]. (ii) d(u, X) (h − 2)/2 provided that |X| − 2.
Proofs
The following result has been proved in [1, 3, 6, 7] .
Lemma 1 (Balbuena et al. [1] , Fàbrega and Fiol [3] , Soneoka et al. [6, 7] ). Let G be a connected graph with girth g and minimum degree . Let X be a cut set with |X| − 1 and C be any component of
Our first objective is to study the vertex-connectivity of graphs G with girth pair (g, h), g odd and h g + 3 even. From now on, we will use the following notation. Assume that X ⊂ V is any cut set of G with cardinality |X| − 1.
We begin with a result on the number (C) and the subset of vertices F(C). 
Lemma 2. Let G be a connected graph of minimum degree 3 and girth pair (g, h), g odd and

Proof. Set = (C), and let us define
. This is clear if = 1, so assume 2 and let us suppose that
-path (both of length − 1) and the edges u 0 v 1 and u 0 v 2 form an even cycle of length at most 2 h − 4, which is impossible. Then we have
, because otherwise an even cycle of length at most 2 + 2 h − 2 is formed, which is impossible. Therefore it follows:
Expression (5) 
Therefore |N (u) ∩ F(C)| = 1 and |N (u)| = hold for every vertex u ∈ F(C), because of (4) (6)) and the path zu 1 u 0 u i , we obtain an even cycle of length at most 2 h − 4, which is an absurdity. Secondly, if d(z, X) = d(z, x i ) = − 1, then the shortest (z, x i )-path, the shortest (u , x i ) -path (of length because u ∈ F(C)) and the path zu 1 u 0 u define an even cycle of length at most 2 + 2 h − 2, which is again an absurdity. Finally if d(z, X) = , then z ∈ F(C), and by (6) we get N (z) ∩ X = X. Thus, by considering any x i ∈ X with i = 1, the shortest (z, x i )-path, the shortest (u 0 , x i )-path and the path zu 1 u 0 define an even cycle of length at most 2 + 2 h − 2, which is not possible. Hence we have obtained a contradiction for every possible value of d(z, X), which allows us to conclude that r = − 1 is not possible. Then r = 1 and substituting this value in (5) we have |X| = − 1 and |N(u 0 )| = .
Proof of Proposition 1.4. To see item (i) assume |X| − 1. First, we prove by induction on n 1 the following claim:
Claim : (C) (g + 2n − 3)/2 whenever h g + 2n + 1.
For the induction start, let n = 1. Then h g + 3, and by (3) we directly have (C) (g − 1)/2. Now, let n 2 and suppose that h g + 2n − 1 yields (C) (g + 2n − 5)/2.
Assume next that h g + 2n + 1, then (C) (g + 2n − 5)/2 by hypothesis of induction. Suppose (C) = = (g + 2n − 5)/2 (h − 6)/2 and we will arrive at a contradiction. From Lemma 2 we have |X| = − 1 and there exists some u ∈ F(C) such that |N 
for every z ∈ {u} ∪ (N (u) ∩ F(C)). Let us see that
This is clear if g 5. It is also easy to see that the assertion (7) is true if g = 3 and 4. Otherwise the induced subgraph G[{u} ∪ (N (u) ∩ F(C))] would contain a cycle of length four. Thus assume = g = 3 and
] is a triangle. But in this case |X| = 2 and one x ∈ X must be at distance from two distinct vertices of the triangle, so we obtain an even cycle of length 2 + 2 < h, which is a contradiction. Therefore assertion (7) is valid.
Note
since otherwise taking into account that v and v are joined by a path of length four, then an even cycle of length at most 2 + 4 < h is formed, which is impossible. Therefore
which is an absurdity. As a consequence we conclude that (C) = (g + 2n − 3)/2, completing the proof of the claim. Now, to follow with the proof of item (i) we may write h = g + 2n + 1 for some integer n 1, and by Claim we have (C) = As a consequence of Lemma 2 and Proposition 1.4 we obtain the following corollary which will be very useful in the proof of our theorems.
Corollary 1. Let G be a connected graph of minimum degree
3 and girth pair (g, h), g 5 odd and h g + 3 even. Let X be a cut set with |X| − 1 and C be any component of
Proof. From Lemma 2 it follows that |X| = − 1 and there exists a vertex u ∈ V (C) of degree such that d(u, X) = (h−4)/2 and
By the same reason we have
Now, let x ∈ X be some given vertex, and suppose that (8) is written for a vertex u ∈ F(C) that has been chosen so that x u = x, according to Proposition 1.4. Let us consider the subset of vertices
Let us see that |A| −1. Indeed, as
Observe also that v * = w * for any two distinct vertices v, w ∈ N(u) ∩ F(C), since otherwise we get a cycle of length four. Hence we conclude that |A| |N (u) ∩ F(C)| = − 1. Furthermore, for any two vertices v, w ∈ N (u)∩F(C), the shortest (v * , x) and (w * , x)-paths (both of length (h−4)/2) must be internally disjoint, for if not an even cycle (defined by these paths and the path v * vuww * of length four) of length at most
If (C ) (h − 2)/2 we can consider an edge u v in C such that d G ({u , v }, X) (h − 2)/2. Then by using (2) we have
again a contradiction. Hence we may assume (C ) = (h − 4)/2, and by applying Lemma 2 we can take an edge u v in C such that d G ({u , v }, X) = (h − 4)/2. In this case we have
which is again an absurdity. Therefore (G) = .
Our final goal is to study the edge-connectivity of graphs with girth pair (g, h). For edges there is an analogous known result to Lemma 1.
Lemma 3 (Balbauena et al. [1] , Fàbrega and Foil [3] , Soneoka et al. [6, 7] ). Let G be a connected graph with girth g and minimum degree .
Next, we improve this result for graphs with girth pair (g, h), g odd and h even with h g + 3. This is done by means of Proposition 1.5, whose proof follows. 
Proof of Theorem 1.2. As a consequence of Proposition 1.5 we obtain the first two items (i) and (ii) of Theorem 1.2. The proof of these items is straightforward and similar to that of items (i) and (ii) of Theorem 1.1, hence the details are omitted. To prove item (iii) notice that (G) − 1 by (ii). Let us suppose that (G) = − 1 and we will arrive at a contradiction. Let 
